Introduction
Matched pairs of groups were introduced by Takeuchi [17] as a group version of Singer's work [16] for Hopf algebras. Majid introduced the Lie algebra analogue of matched pairs and applied this to quantum groups [15] .
The theory of matched pairs was also used as a tool for set theoretic solutions of the Yang-Baxter equation in [10] .
Groupoids were introduced by Brandt [1] in 1926 as algebraic structures also known as virtual groups. A group-like approach to the groupoid is a category C with objects set C 0 and morphisms set C 1 in which each morphism is invertible. These structures are useful in a variety of mathematics from geometry to homotopy theory, algebra, and topology. For more information on groupoids see [2] [3] [4] [5] 11] . Double groupoids were introduced by Ehresmann in [9] . A double groupoid can be seen as a set of boxes with horizontal and vertical compositions together with interchange law. For more information see [7, 8, 12] .
In his brief note [6] , Brown introduced a geometric approach to double groupoids. The existence of a triple groupoid by matched triples of groups, mentioned by Brown [6] , is a useful way to approach geometric considerations. Later, Majard [13] generalized this concept for n-tuple groups. In this work, following Brown, we investigate this situation for triple groupoids, diagrammatically.
Matched pairs of group(oid)s
In this section, we recall some basic information about matched pairs of groups and groupoids. (G 1 , G 2 , σ) where G 1 and G 2 are groups and the map 
Definition 2.1 A matched pair of groups means a triple
G 1 × G 2 forms a group with the product, denoted by G 1 I G 2 . Conversely, if G 1 and G 2 are subgroups of a group G such that the product map
The structure map σ of a matched pair
Since the structure map is nondegenerate in the sense of [13] and [14] , upon determining one element (g 1 , g 2 ) , the rest of the elements are determined by the diagram above. A groupoid is a small category in which all arrows are invertible. It consists of a set of arrows G 1 , a set of objects G 0 (called the base), source and target maps s, t :
Alternatively, a groupoid may be defined as a set G with a partially defined associative product and partial units, whose elements are all invertible.
Definition 2.2 Let
satisfying the following rules:
for all α, β ∈ G and e ∈ ℘. 
Definition 2.3 A matched pair of groupoids consists of two groupoids
All the data given above satisfy the following:
, for which the operations are defined.
Lemma 2.4 For all
for which the operations are defined, we have
] .
The possibility of X ∈ G 0 gives us
and taking σ = α −1 in the last equality we have
iii.
and taking β −1 1 = β 2 in the last equality we note that
P

Matched pairs and matched triple of groups and a geometric approach to 3-groupoids
In this section, we investigate matched pairs and matched triples as in Brown [6] to understand the geometry of triple groupoids. For more information on matched pairs see [14] .
and y ∈ G 2 we will consider the group operation xy as a composite of arrows such that t(x) = s(y) = * . Then we have * 
Similarly, for any groupoid H with base P , there is a matched pair (P, H) with actions An n -fold groupoid is an internal groupoid in (n − 1)-fold groupoids. That is, a 0 -fold groupoid is a set, a 1 -fold groupoid is a groupoid, a 2-fold groupoid is a double groupoid, and so on, where the structure of a double groupoid consists of a set G and two groupoid structures in which the compositions satisfy the usual interchange law; that is, for x 1 , x 2 , y 1 , y 2 ∈ G we have
For n = 3 a triple groupoid is a set G with three groupoid structures satisfying the interchange law in From now on our interest will be in triple groupoids, or the triple categories in which each underlying set category is a groupoid. By a triple category we mean a 3-fold category that is an internal category in double categories. Now we give a description of a 3-groupoid by using the matched triples of groups diagrammatically.
We will examine the matched triple of subgroups M , N , and P of a group G in which each pair is a matched pair. With such data, we can consider a triple groupoid as *
, and P = ε h (c, ab) .
The triple groupoid should have the algebraic analogue of the horizontal, vertical, and parallel compositions of cubes and also should permit cancellations.
Proposition 3.3 Horizontal composition of matched triples of groups defines the inverse elements
.
In the last equality, taking b ′ = b −1 , the left side becomes ε h (e G , a) = e G , so we can find the inverse of ε h (b, a) as
for a ∈ M , b, b ′ ∈ N , and c ∈ P . For the back side of the cubes, the actions can be given by the following diagram:
We obtain the following result:
and we obtain For the actions on the front side of the cubes, we have
P
Proposition 3.4 Vertical composition of matched triples of groups defines the inverse elements
and if we take a ′ = a −1 , we get
For the actions on the back side of the cubes, we have the following diagram:
, and
, and then we get 
and taking c
For the other side, using the following diagram, * / / * *
we get 
